1. Introduction {#sec1-nanomaterials-09-00020}
===============

A rapidly developing field in nano-based science and technology is optomechanics which deals with the interaction of light with a mechanical motion \[[@B1-nanomaterials-09-00020]\]. Especially, optomechanics combined with nanomechanical resonators can be practically applied to a broad scientific domain such as quantum information processing \[[@B2-nanomaterials-09-00020]\], biological sensing \[[@B3-nanomaterials-09-00020]\], wave detections \[[@B4-nanomaterials-09-00020]\], measurements of mechanical displacement \[[@B5-nanomaterials-09-00020]\], and quantum metrologies \[[@B6-nanomaterials-09-00020]\]. Such optomechanics developed in the quantum regime with low phonon occupation states will play a major role in future-oriented quantum technologies with nanodevices.

The investigation of nanodevices regarding their application in quantum information science, including quantum computing, is a promising research topic. In particular, research into nanomechanical resonators in which the parameters are dependent on time is quite necessary for the advancement of the quantum information technology \[[@B7-nanomaterials-09-00020],[@B8-nanomaterials-09-00020],[@B9-nanomaterials-09-00020],[@B10-nanomaterials-09-00020],[@B11-nanomaterials-09-00020]\]. Now, it is possible to design quantum computing devices with a reliable architecture for multi-qubit operations in the GHz-frequency range by coupling mechanical resonators to Josephson phase qubits \[[@B12-nanomaterials-09-00020]\]. Onchip-integrated hybrid systems, i.e., mechanical resonators combined with phase qubits which are composed of Josephson-junction superconducting circuits, can be used as a compact quantum information storage with a high quality factor \[[@B13-nanomaterials-09-00020]\]. Recent advances in nanotechnology in the past decade enabled the fabrication of nanomechanical resonators, of which quality factors are high in the desired frequency ranges.

By connecting nanomechanical resonators to the superconducting resonators, it is possible to enhance the properties of nanomechanical resonators. Thanks to this, many relevant experiments have been developed and renewed, such as, for example, preparing quantum ground state in resonators \[[@B10-nanomaterials-09-00020]\], a frequency up/down conversion \[[@B11-nanomaterials-09-00020]\], and maintaining longer coherence times \[[@B14-nanomaterials-09-00020]\]. In particular, coherent feedback control of the nanoresonators can be used for cooling them to the zero-point temperature. The cooling of a mechanical system to the ground-state has already been achieved in several laboratories \[[@B15-nanomaterials-09-00020],[@B16-nanomaterials-09-00020]\].

As the size of the resonator reaches below a critical value that is the limiting one from a quantum mechanical point of view, there emerge distinguishing quantum features that are totally absent in the classical world \[[@B5-nanomaterials-09-00020]\]. Quantum behaviors of a nanomechanical resonator were observed through its sideband laser-cooling over the quantum ground state \[[@B17-nanomaterials-09-00020]\]. A deeper understanding of quantum characteristics of nanomechanical resonators, where the device-size is within the Heisenberg uncertainty principle limit, is crucial for utilizing them in quantum computing systems. We investigate quantum properties of a nanomechanical resonator coupled to a superconducting resonator. This is important for providing theoretical knowledge as background information for manipulating quantum computing processes. Furthermore, this research may help to achieve robust quantum computations on the basis of the restriction of the decoherence and noise.

2. Materials and Methods {#sec2-nanomaterials-09-00020}
========================

Cooling of nanomechanical resonators can be achieved by the methods of sideband cooling or measurement-based feedback cooling \[[@B18-nanomaterials-09-00020]\]. The former is classified as coherent feedback controlling for a nanomechanical system, that can be carried out by coupling it to an auxiliary one such as an optical cavity and a superconducting oscillator, whereas the systems in the letter case are controlled by means of the feedback technique with the data which are continuously measured from homodyne detection. In this work, we consider sideband cooling using a high-frequency superconducting LC oscillator as an auxiliary mode in order to control the motion of the nanomechanical resonator. For more details of the nanomechanical-resonator design and the related mechanics, refer to Refs. \[[@B10-nanomaterials-09-00020],[@B11-nanomaterials-09-00020]\].

To see quantum features of the system, we first need to derive relevant quantum solutions in a rigorous way. We introduce the Hamiltonian for describing the quantum dynamics of the nanomechanical resonator coupled to the superconducting resonator. The Hamiltonian involves a coupling term which is associated with the coupling of the two resonators. Due to not only such a coupling term but the time-dependence of the parameters as well, it may be not an easy task to solve the Schrödinger equation on the basis of the conventional separation of variables method. For this reason, we will derive quantum solutions by making use of another method which is the unitary transformation method \[[@B7-nanomaterials-09-00020],[@B8-nanomaterials-09-00020],[@B19-nanomaterials-09-00020]\].

It may be convenient that we unfold quantum theory after mathematically transforming the system described by a time-dependent Hamiltonian into a simple one that can be easily managed. By introducing a unitary operator, we will transform the original system to a system composed of two decoupled harmonic oscillators of which quantum solutions are well known. By inversely transforming the quantum solutions associated to the transformed system, it is possible to obtain the complete quantum solutions in the (original) system. This is the main strategy used in this work for deriving quantum solutions of the system whose Hamiltonian is a fairly complicated form. We will analyze quantum properties of the system in detail on the basis of the quantum solutions evaluated in such a way.

3. Results and Discussion {#sec3-nanomaterials-09-00020}
=========================

3.1. Hamiltonian and the Unitary Transformation {#sec3dot1-nanomaterials-09-00020}
-----------------------------------------------

Superconducting systems can be used to improve the properties of other quantum systems by connecting them to the target systems \[[@B20-nanomaterials-09-00020]\]. From there, we can explore new phenomena which could possibly bring about the deveopment of novel quantum technologies for quantum information processing. For instance, a sideband cooling of a nanoresonator is possible through its modulation via coupling it to a superconducting LC oscillator. In this case, we can regard the nanoresonator as the target device and the superconducting LC resonator as an auxiliary one.

The Hamiltonian that describes the nanomechanical resonator combined with the superconducting LC resonator is given by \[[@B10-nanomaterials-09-00020],[@B11-nanomaterials-09-00020]\] $$\hat{H} = \hslash\omega{({\hat{a}}^{\dagger}\hat{a} + 1/2)} + \hslash\Omega{({\hat{b}}^{\dagger}\hat{b} + 1/2)} + \hslash\lambda\left( t \right){(\hat{a} + {\hat{a}}^{\dagger})}{(\hat{b} + {\hat{b}}^{\dagger})},$$ where $\hat{a}$ and $\hat{b}$ are annihilation operators in the nanomechanical resonator and the superconducting resonator, respectively, and $\omega$ is the frequency of the nanoresonator, while $\Omega$ is the frequency of the superconducting resonator. Here, we assume that the parameter $\lambda\left( t \right)$ is a slowly varying function so that we can apply the adiabatic theorem. Although we are interested in the quantum description of the nanomechanical resonator coupled to the superconducting resonator with Equation ([1](#FD1-nanomaterials-09-00020){ref-type="disp-formula"}), the Hamiltonian in Equation ([1](#FD1-nanomaterials-09-00020){ref-type="disp-formula"}) can also be used for other purposes such as the gauge field theory of two superconducting resonators which are tunably coupled to each other \[[@B21-nanomaterials-09-00020]\] and quantum simulation of bosonic modes utilizing superconducting circuits \[[@B22-nanomaterials-09-00020]\].

Because the operators $\hat{a}$ and $\hat{b}$ are represented in the form $$\begin{array}{rcl}
\hat{a} & = & {\sqrt{\frac{m\omega}{2\hslash}}\hat{x} + \frac{i{\hat{p}}_{x}}{\sqrt{2\hslash m\omega}},} \\
\end{array}$$ $$\begin{array}{rcl}
\hat{b} & = & {\sqrt{\frac{L\Omega}{2\hslash}}\hat{q} + \frac{i{\hat{p}}_{q}}{\sqrt{2\hslash L\Omega}},} \\
\end{array}$$ with ${\hat{p}}_{x} = - i\hslash\partial/\partial x$ and ${\hat{p}}_{q} = - i\hslash\partial/\partial q$, Equation ([1](#FD1-nanomaterials-09-00020){ref-type="disp-formula"}) can be rewritten as $$\hat{H} = \frac{{\hat{p}}_{x}^{2}}{2m} + \frac{1}{2}m\omega^{2}{\hat{x}}^{2} + \frac{{\hat{p}}_{q}^{2}}{2L} + \frac{1}{2}L\Omega^{2}{\hat{q}}^{2} + 2\lambda\left( t \right)\sqrt{mL\omega\Omega}\hat{x}\hat{q}.$$

Due to the coupling term (the last term) in the above equation, it may be somewhat difficult to treat this system from a quantum mechanical point of view. In order to overcome this, we will mathematically decouple the two sub-systems by means of the unitary transformation method \[[@B7-nanomaterials-09-00020],[@B8-nanomaterials-09-00020],[@B19-nanomaterials-09-00020]\]. For this purpose, we introduce a unitary operator of the form $$\begin{array}{ccl}
\hat{U} & = & {\exp\left\lbrack {\frac{i}{4\hslash}\left( {\hat{p}}_{x}\hat{x} + \hat{x}{\hat{p}}_{x} \right)\ln\left( \sqrt{m/L} \right)} \right\rbrack} \\
 & & {\times \exp\left\lbrack {\frac{i}{4\hslash}\left( {\hat{p}}_{q}\hat{q} + \hat{q}{\hat{p}}_{q} \right)\ln\left( \sqrt{L/m} \right)} \right\rbrack} \\
 & & {\times \exp\left\lbrack {- \frac{i\theta\left( t \right)}{\hslash}\left( {\hat{p}}_{x}\hat{q} - {\hat{p}}_{q}\hat{x} \right)} \right\rbrack,} \\
\end{array}$$ where $$\theta\left( t \right) = \frac{1}{2}\tan^{- 1}\left( \frac{4\lambda\left( t \right)\sqrt{\omega\Omega}}{\Omega^{2} - \omega^{2}} \right).$$

By transforming $\hat{H}$ in Equation ([4](#FD4-nanomaterials-09-00020){ref-type="disp-formula"}) using this operator:$${\hat{H}}^{\prime} = {\hat{U}}^{- 1}\hat{H}\hat{U} - i\hslash{\hat{U}}^{- 1}\frac{\partial\hat{U}}{\partial t},$$ we have the Hamiltonian in the transformed system as $${\hat{H}}^{\prime} = \frac{{\hat{p}}_{x}^{2} + {\hat{p}}_{q}^{2}}{2\sqrt{mL}} + \frac{1}{2}\sqrt{mL}\mathsf{w}_{1}^{2}\left( t \right){\hat{x}}^{2} + \frac{1}{2}\sqrt{mL}\mathsf{w}_{2}^{2}\left( t \right){\hat{q}}^{2} + \overset{˙}{\lambda}\left( t \right)\beta\left( t \right)\left( {\hat{p}}_{x}\hat{q} - {\hat{p}}_{q}\hat{x} \right),$$ where $$\begin{array}{rcl}
{\mathsf{w}_{1}^{2}\left( t \right)} & = & {\omega^{2}\cos^{2}\theta\left( t \right) + \Omega^{2}\sin^{2}\theta\left( t \right) - 4\lambda\left( t \right)\sqrt{\omega\Omega}\cos\theta\left( t \right)\sin\theta\left( t \right),} \\
\end{array}$$ $$\begin{array}{rcl}
{\mathsf{w}_{2}^{2}\left( t \right)} & = & {\omega^{2}\sin^{2}\theta\left( t \right) + \Omega^{2}\cos^{2}\theta\left( t \right) + 4\lambda\left( t \right)\sqrt{\omega\Omega}\cos\theta\left( t \right)\sin\theta\left( t \right),} \\
\end{array}$$ $$\begin{array}{rcl}
{\beta\left( t \right)} & = & {- \frac{2\sqrt{\omega\Omega}}{\Omega^{2} - \omega^{2} + {16\omega\Omega\lambda^{2}\left( t \right)}/\left( \Omega^{2} - \omega^{2} \right)}.} \\
\end{array}$$

According to the adiabatic condition which is that $\lambda\left( t \right)$ is a sufficiently slowly time-varying function, we can neglect the last term in Equation ([8](#FD8-nanomaterials-09-00020){ref-type="disp-formula"}), leading to $${\hat{H}}^{\prime} \simeq \frac{{\hat{p}}_{x}^{2} + {\hat{p}}_{q}^{2}}{2\mu} + \frac{1}{2}\mu\mathsf{w}_{1}^{2}\left( t \right){\hat{x}}^{2} + \frac{1}{2}\mu\mathsf{w}_{2}^{2}\left( t \right){\hat{q}}^{2},$$ where $\mu = \sqrt{mL}$. Thus, the two sub-systems are decoupled as can be confirmed from the above Hamiltonian. The quantum treatment of the system relying on the transformed Hamiltonian, Equation ([12](#FD12-nanomaterials-09-00020){ref-type="disp-formula"}), may be much simpler than that relying on the original Hamiltonian given in Equation ([4](#FD4-nanomaterials-09-00020){ref-type="disp-formula"}). Two independent classical equations of motion that correspond to ${\hat{H}}^{\prime}$ are given by $$\frac{d^{2}x}{dt^{2}} + \mathsf{w}_{1}^{2}\left( t \right)x = 0,$$ $$\frac{d^{2}q}{dt^{2}} + \mathsf{w}_{2}^{2}\left( t \right)q = 0.$$

In the next section, we will derive the quantum wave solutions associated to the Hamiltonian given in Equation ([12](#FD12-nanomaterials-09-00020){ref-type="disp-formula"}). By using the unitary relation between the wave functions in the transformed system and those in the original system, the quantum wave solutions in the original system will be obtained and analyzed.

3.2. Quantum Wave Solutions {#sec3dot2-nanomaterials-09-00020}
---------------------------

From the knowledge of the formulae of quantum wave functions in the transformed system, we can obtain the wave functions in the original system because the two systems are connected by a unitary operator. If we denote the wave functions in the transformed system associated with Equations ([13](#FD13-nanomaterials-09-00020){ref-type="disp-formula"}) and ([14](#FD14-nanomaterials-09-00020){ref-type="disp-formula"}) as $\psi_{n}^{\prime}\left( x,t \right)$ and ${\widetilde{\psi}}_{l}^{\prime}\left( q,t \right)$, respectively, they can be divided into kernel and phase parts such that $$\begin{array}{rcl}
{\psi_{n}^{\prime}\left( x,t \right)} & = & {\phi_{n}^{\prime}\left( x,t \right)\exp\left\lbrack i\alpha_{n}\left( t \right) \right\rbrack,} \\
\end{array}$$ $$\begin{array}{rcl}
{{\widetilde{\psi}}_{l}^{\prime}\left( q,t \right)} & = & {{\widetilde{\phi}}_{l}^{\prime}\left( q,t \right)\exp\left\lbrack i{\widetilde{\alpha}}_{l}\left( t \right) \right\rbrack,} \\
\end{array}$$ where $\alpha_{n}\left( t \right)$ and ${\widetilde{\alpha}}_{l}\left( t \right)$ are time-dependent phases.

Let us write the corresponding Schrödinger equation as $$i\hslash\frac{\partial\Psi_{n,l}^{\prime}\left( x,q,t \right)}{\partial t} = {\hat{H}}^{\prime}\Psi_{n,l}^{\prime}\left( x,q,t \right),$$ where $\Psi_{n,l}^{\prime}\left( x,q,t \right)$ are wave functions in the transformed system, that are of the form $$\Psi_{n,l}^{\prime}\left( x,q,t \right) = \psi_{n}^{\prime}\left( x,t \right){\widetilde{\psi}}_{l}^{\prime}\left( q,t \right).$$

Because the transformed system is composed of the two decoupled harmonic oscillators, we can easily identify the corresponding quantum solutions, Equation ([18](#FD18-nanomaterials-09-00020){ref-type="disp-formula"}). Then, the wave functions $\Psi_{n,l}\left( x,q,t \right)$ in the original system are obtained from such solutions through the use of the unitary relation $\Psi_{n,l}\left( x,q,t \right) = \hat{U}\Psi_{n,l}^{\prime}\left( x,q,t \right)$. According to this, the wave functions in the original system are represented as $$\Psi_{n,l}\left( x,q,t \right) = \psi_{n}\left( x,q,t \right){\widetilde{\psi}}_{l}\left( x,q,t \right),$$ where $$\begin{array}{rcl}
{\psi_{n}\left( x,q,t \right)} & = & {\phi_{n}\left( x,q,t \right)\exp\left\lbrack i\alpha_{n}\left( t \right) \right\rbrack,} \\
\end{array}$$ $$\begin{array}{rcl}
{{\widetilde{\psi}}_{l}\left( x,q,t \right)} & = & {{\widetilde{\phi}}_{l}\left( x,q,t \right)\exp\left\lbrack i{\widetilde{\alpha}}_{l}\left( t \right) \right\rbrack,} \\
\end{array}$$ while $$\phi_{n}\left( x,q,t \right) = \hat{U}\phi_{n}^{\prime}\left( x,t \right),$$ $${\widetilde{\phi}}_{l}\left( x,q,t \right) = \hat{U}{\widetilde{\phi}}_{l}^{\prime}\left( q,t \right).$$

Let us now further see for the case that the coupling parameter is a positive real constant, $\lambda\left( t \right) = \lambda_{0}$. In this case, $\mathsf{w}_{i}$ ($i = 1,2$) and $\theta$ become constants. As a consequence, the corresponding quantum solutions are easily identified to be $$\begin{array}{rcl}
{\alpha_{n}\left( t \right)} & = & {- \left( n + 1/2 \right)\mathsf{w}_{1}t,} \\
\end{array}$$ $$\begin{array}{rcl}
{{\widetilde{\alpha}}_{l}\left( t \right)} & = & {- \left( l + 1/2 \right)\mathsf{w}_{2}t,} \\
\end{array}$$ $$\begin{array}{rcl}
{\phi_{n}^{\prime}\left( x \right)} & = & {\left( \frac{\sqrt{k_{1}/\pi}}{2^{n}n!} \right)^{1/2}H_{n}\left( {\sqrt{k_{1}}x} \right)\exp\left\lbrack {- k_{1}x^{2}/2} \right\rbrack,} \\
\end{array}$$ $$\begin{array}{rcl}
{{\widetilde{\phi}}_{l}^{\prime}\left( q \right)} & = & {\left( \frac{\sqrt{k_{2}/\pi}}{2^{l}l!} \right)^{1/2}H_{l}\left( {\sqrt{k_{2}}q} \right)\exp\left\lbrack {- k_{2}q^{2}/2} \right\rbrack,} \\
\end{array}$$ where $k_{i} = \mu\mathsf{w}_{i}/\hslash$, and $H_{n(l)}$ are Hermite polynomials. The probability density, $|\Psi_{n,l}^{\prime}{\left( x,q,t \right)|}^{2}$, in the transformed system is illustrated in [Figure 1](#nanomaterials-09-00020-f001){ref-type="fig"} with the choice of (*n*, *l*) = (3, 5) under the limit that the coupling parameter is constant. This density is not deformed because the Hamiltonian of the transformed system does not involve the coupling term.

According to the relations, Equations ([22](#FD22-nanomaterials-09-00020){ref-type="disp-formula"}) and ([23](#FD23-nanomaterials-09-00020){ref-type="disp-formula"}), the eigenfunctions in the original system can be derived to be $$\begin{array}{rcl}
{\phi_{n}\left( x,q,t \right)} & = & {\left( \frac{\sqrt{k_{1}/\pi}}{2^{n}n!} \right)^{1/2}H_{n}\left( {\sqrt{k_{1}}Q_{1}} \right)\exp\left\lbrack {- k_{1}Q_{1}^{2}/2} \right\rbrack,} \\
\end{array}$$ $$\begin{array}{rcl}
{{\widetilde{\phi}}_{l}\left( x,q,t \right)} & = & {\left( \frac{\sqrt{k_{2}/\pi}}{2^{l}l!} \right)^{1/2}H_{l}\left( {\sqrt{k_{2}}Q_{2}} \right)\exp\left\lbrack {- k_{2}Q_{2}^{2}/2} \right\rbrack,} \\
\end{array}$$ where $$\begin{array}{rcl}
Q_{1} & = & {\left( \frac{m}{L} \right)^{1/4}\cos\theta\left( t \right)x - \left( \frac{L}{m} \right)^{1/4}\sin\theta\left( t \right)q,} \\
\end{array}$$ $$\begin{array}{rcl}
Q_{2} & = & {\left( \frac{m}{L} \right)^{1/4}\sin\theta\left( t \right)x + \left( \frac{L}{m} \right)^{1/4}\cos\theta\left( t \right)q.} \\
\end{array}$$

Notice that the wave packets in the original system in the *x*-*p* coordinate have more or less been deformed depending on the values of parameters such as *m* and *L*, and rotated in proportion to $\theta$ from those in the transformed system. If $\theta$ is positive, the direction of rotation in the *x*-*p* plane is clockwise. The probability densities, $|\Psi_{n,l}{\left( x,q,t \right)|}^{2}$, are illustrated in [Figure 2](#nanomaterials-09-00020-f002){ref-type="fig"}, [Figure 3](#nanomaterials-09-00020-f003){ref-type="fig"} and [Figure 4](#nanomaterials-09-00020-f004){ref-type="fig"}. By comparing these figures with that in the transformed system represented in [Figure 1](#nanomaterials-09-00020-f001){ref-type="fig"}, we can confirm the effects of the coupling on the behavior of the wave functions. [Figure 2](#nanomaterials-09-00020-f002){ref-type="fig"} is for several different values of $\omega$ with the choice of (*m*, *L*) = ($1.0$, $0.5$) under the condition $\omega > \Omega$. The rotation angle $\theta$ can be evaluated from Equation ([6](#FD6-nanomaterials-09-00020){ref-type="disp-formula"}) and is given by $- 0.76$ rad for [Figure 2](#nanomaterials-09-00020-f002){ref-type="fig"}A, $- 0.18$ rad for [Figure 2](#nanomaterials-09-00020-f002){ref-type="fig"}B, and $- 0.05$ rad for [Figure 2](#nanomaterials-09-00020-f002){ref-type="fig"}C.

We see from [Figure 2](#nanomaterials-09-00020-f002){ref-type="fig"} that the uncertainty of *x* is relatively small than that of *q*, which means that the wave packet is squeezed along the *x* coordinate. Such a squeezing effect becomes large as the difference $\omega - \Omega$ increases. On the other hand, [Figure 3](#nanomaterials-09-00020-f003){ref-type="fig"}, which is for the case that $\omega - \Omega$ is negative, shows the squeeze of waves along the *q*-coordinate.

For the case of [Figure 4](#nanomaterials-09-00020-f004){ref-type="fig"} which is depicted under (*m*, *L*) = ($0.5$, $2.0$), the wave packets exhibit *q*-squeezing. However, a weak *x*-squeezing for the waves also takes place as $\omega$ increases (see [Figure 4](#nanomaterials-09-00020-f004){ref-type="fig"}C).

For the case that $\lambda\left( t \right)$ is not a constant, it is necessary to use the quantum theory of time-dependent harmonic oscillators \[[@B9-nanomaterials-09-00020],[@B23-nanomaterials-09-00020],[@B24-nanomaterials-09-00020]\] in order to manage the Schrödinger equation, Equation ([17](#FD17-nanomaterials-09-00020){ref-type="disp-formula"}) with Equation ([12](#FD12-nanomaterials-09-00020){ref-type="disp-formula"}). According to that theory, the phases and the eigenfunctions in the transformed system are given in terms of time functions as \[[@B24-nanomaterials-09-00020]\] $$\begin{array}{rcl}
{\alpha_{n}\left( t \right)} & = & {- \left( n + 1/2 \right)\gamma_{1}\left( t \right),} \\
\end{array}$$ $$\begin{array}{rcl}
{{\widetilde{\alpha}}_{l}\left( t \right)} & = & {- \left( l + 1/2 \right)\gamma_{2}\left( t \right),} \\
\end{array}$$ $$\begin{array}{rcl}
{\phi_{n}^{\prime}\left( x,t \right)} & = & {\left( \frac{\sqrt{{\kappa_{1}\left( t \right)}/\pi}}{2^{n}n!} \right)^{1/2}H_{n}\left( {\sqrt{\kappa_{1}\left( t \right)}x} \right)\exp\left\lbrack {- \frac{\kappa_{1}\left( t \right)}{2}\left( {1 - \frac{i{\overset{˙}{s}}_{1}\left( t \right)}{{\overset{˙}{\gamma}}_{1}\left( t \right)s_{1}\left( t \right)}} \right)x^{2}} \right\rbrack,} \\
\end{array}$$ $$\begin{array}{rcl}
{{\widetilde{\phi}}_{l}^{\prime}\left( q,t \right)} & = & {\left( \frac{\sqrt{{\kappa_{2}\left( t \right)}/\pi}}{2^{l}l!} \right)^{1/2}H_{l}\left( {\sqrt{\kappa_{2}\left( t \right)}q} \right)\exp\left\lbrack {- \frac{\kappa_{2}\left( t \right)}{2}\left( {1 - \frac{i{\overset{˙}{s}}_{2}\left( t \right)}{{\overset{˙}{\gamma}}_{2}\left( t \right)s_{2}\left( t \right)}} \right)q^{2}} \right\rbrack,} \\
\end{array}$$ where $\kappa_{i} = \mu{\overset{˙}{\gamma}}_{i}/\hslash$, while the time functions $s_{i}\left( t \right)$ and $\gamma_{i}\left( t \right)$ satisfy $$\begin{array}{l}
{{\overset{¨}{s}}_{i} + \mathsf{w}_{i}^{2}\left( t \right)s_{i} - C_{i}^{2}/s_{i}^{3} = 0,} \\
\end{array}$$ $$\begin{array}{l}
{{\overset{˙}{\gamma}}_{i} = C_{i}/s_{i}^{2},} \\
\end{array}$$ where $C_{i}$ are arbitrary real constants.

From a minor evaluation through Equations ([22](#FD22-nanomaterials-09-00020){ref-type="disp-formula"}) and ([23](#FD23-nanomaterials-09-00020){ref-type="disp-formula"}), we have the wave solutions in the original system: $$\begin{array}{rcl}
{\phi_{n}\left( x,q,t \right)} & = & {\left( \frac{\sqrt{{\kappa_{1}\left( t \right)}/\pi}}{2^{n}n!} \right)^{1/2}H_{n}\left( {\sqrt{\kappa_{1}\left( t \right)}Q_{1}} \right)\exp\left\lbrack {- \frac{\kappa_{1}\left( t \right)}{2}\left( {1 - \frac{i{\overset{˙}{s}}_{1}\left( t \right)}{{\overset{˙}{\gamma}}_{1}\left( t \right)s_{1}\left( t \right)}} \right)Q_{1}^{2}} \right\rbrack,} \\
\end{array}$$$$\begin{array}{rcl}
{{\widetilde{\phi}}_{l}\left( x,q,t \right)} & = & {\left( \frac{\sqrt{{\kappa_{2}\left( t \right)}/\pi}}{2^{l}l!} \right)^{1/2}H_{l}\left( {\sqrt{\kappa_{2}\left( t \right)}Q_{2}} \right)\exp\left\lbrack {- \frac{\kappa_{2}\left( t \right)}{2}\left( {1 - \frac{i{\overset{˙}{s}}_{2}\left( t \right)}{{\overset{˙}{\gamma}}_{2}\left( t \right)s_{2}\left( t \right)}} \right)Q_{2}^{2}} \right\rbrack,} \\
\end{array}$$ where $Q_{i}$ are given by Equations ([30](#FD30-nanomaterials-09-00020){ref-type="disp-formula"}) and (31), but in terms of $\lambda\left( t \right)$ which is not a constant.

The overall wave function is given by $$\Psi\left( x,q,t \right) = \sum\limits_{n = 0}^{\infty}\sum\limits_{l = 0}^{\infty}c_{n,l}\Psi_{n,l}\left( x,q,t \right),$$ where $c_{n,l}$ are complex numbers that yield $\sum_{n = 0}^{\infty}\sum_{l = 0}^{\infty}{|c_{n,l}|}^{2} = 1$. Thus, we have obtained the full wave function of the system which is given by Equation (40) with Equations (19)--(21), (32), (33), (38), and (39). This wave function is crucial in unfolding quantum theory of the system and can be used to investigate diverse quantum characteristics that the system exhibits. We can use the wave function in estimating various quantum variables, such as energy eigenvalues, expectation values and fluctuations of the canonical variables, uncertainty products, Wigner distribution functions, and so on.

4. Conclusions {#sec4-nanomaterials-09-00020}
==============

The quantum properties of the nanomechanical resonator coupled to a superconducting resonator via a small time-varying coupling constant have been investigated. We have used an adiabatic condition under the assumption that the time-variation of the coupling parameter is sufficiently slow. Due to the presence of the coupling term in the Hamiltonian, we cannot develop quantum theory for *x* and *q* coordinates independently in the original system. Hence, by means of the unitary transformation approach, we have decoupled *x* and *q* coordinates from each other in the expression of the Hamiltonian.

Through the transformation performed using a unitary operator, the Hamiltonian became a manageable one. Not only did the coupling term no longer appear in the transformed Hamiltonian, but the transformed system has also become much more simplified compared to the original one. More precisely speaking, the transformed system is composed of two independent harmonic oscillators with time-dependent angular frequencies. We accordingly have easily identified quantum solutions in the transformed system. By inverse transformation of those quantum solutions, we have obtained complete quantum solutions in the original system.

The exact wave functions derived here can be used for evaluating various quantum quantities of the coupled resonators, such as expectation values and fluctuations of the canonical variables, uncertainties, and energy eigenvalues, which are necessary for identifying the quantum characteristics of the system. It is also possible to derive Wigner distribution function of the system, which serves in describing signal processing, from the wave functions given in the text. Wigner distribution function can be used not only in estimating quantum corrections from classical statistical mechanics but also in demonstrating nonclassicalities of the system through quantum probability distribution. Terraneo et al. used Wigner distribution functions for the purpose of developing an efficient way for extracting information from the wave functions of quantum algorithms associated with quantum computation \[[@B25-nanomaterials-09-00020]\].

The probability densities which are the absolute square of the wave functions were illustrated in detail in the limit that $\lambda$ is a constant. The wave packets in the *x*-*q* plane are rotated and deformed compared to those in the transformed system. The rotation direction is counterclockwise when $\omega - \Omega$ is positive. Due to the coupling of the two sub-systems, the wave packets of the system underwent *x*-squeezing, *q*-squeezing, or both depending on the values of *m*, *L*, and the frequency difference $\omega - \Omega$. For the situation of *x*-squeezing (*q*-squeezing), the wave amplitude of the nanomechanical (the superconducting) resonator is small and, as a consequence, the nanomechanical (the superconducting) resonator has less energy. The energy of the nanomechanical resonator flows to the superconducting resonator, and vice versa \[[@B10-nanomaterials-09-00020],[@B18-nanomaterials-09-00020]\]. From this process, the superconducting resonator extracts information about the nanomechanical resonator in order to control the nanoresonator.

The techniques for sideband cooling, frequency conversion, and state-swapping through coherent control of the resonator are important in quantum information systems, especially, in the realization of quantum computers. For the purpose of developing such techniques, the use of nanomechanical resonators is more effective than the use of nanophotonic resonators \[[@B11-nanomaterials-09-00020]\]. It is also noticeable that quantum data bus in quantum computers could be designed using nanomechanical resonators through their controllable coupling with qubits \[[@B2-nanomaterials-09-00020],[@B26-nanomaterials-09-00020]\].

Our analysis regarding the wave functions of the system is useful for understanding the quantum behavior of the combined system. If we consider that theoretical analysis of a quantum system starts from the wave functions rigorously derived from the Schrödinger equation, the wave functions developed in this work are the basic tool for elucidating quantum properties of the system. Exact analyses of the quantum behaviors of nanoresonators based on such clarified quantum properties are necessary for realizing efficient quantum information processing.

The advantage of information processing and physical simulations using quantum computing devices rather than classical computers is that they make it possible to solve time-consuming problems within a polynomial time, such as factorizing large numbers which is classically very difficult to solve. The theoretical research for demonstrating the characteristics of quantum devices and their operations are important stepping stones for the development of quantum information science. While the system we treated here is a completely solvable one using our method, we also expect that quantum characteristics of more complicated namomecanical systems, including nanoresonators described by higher-order nonlinearity such as Duffing nonlinearity \[[@B27-nanomaterials-09-00020]\] and/or newly designed nanophotonic resonators \[[@B28-nanomaterials-09-00020],[@B29-nanomaterials-09-00020]\], would be analyzed in the near future using the same method. Nanomechanical resonators are used for the detection of quantum states, spins, thermal fluctuations, etc., whereas nanophotonic resonators as passive optical components are mainly used for detecting light--matter interactions.

The coupled system investigated in this work can be used as a basic component of quantum computing systems. Quantum computation as a next generation technology should be developed together with other quantum information science such as quantum communication and quantum cryptography. Moreover recent development of neural computation through neural network with multi-core optical fibers \[[@B30-nanomaterials-09-00020],[@B31-nanomaterials-09-00020]\] enhances the performance of the technology in quantum information science.

As a next task, the investigation of geometric phases that appear in the wave functions when parameters vary over time may be a good research topic which can be fulfilled on the basis of the quantum theory developed in the present work. Geometric phase can be applied not only to fundamental physics \[[@B23-nanomaterials-09-00020]\] but also to various next generation quantum technologies, such as quantum computing \[[@B32-nanomaterials-09-00020]\], interferometric imaging of microstructures \[[@B33-nanomaterials-09-00020]\], and beam steering in virtual/augmented reality displays \[[@B34-nanomaterials-09-00020]\].
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![The probability density, $|\Psi_{n,l}^{\prime}{\left( x,q,t \right)|}^{2}$, in the transformed system with the choice of (*m*, *L*) = ($1.0$, $1.0$) under the limit $\lambda\left( t \right) = \lambda_{0}$. This is associated to the wave functions, Equation ([18](#FD18-nanomaterials-09-00020){ref-type="disp-formula"}) with Equations ([15](#FD15-nanomaterials-09-00020){ref-type="disp-formula"}), (16), and ([24](#FD24-nanomaterials-09-00020){ref-type="disp-formula"})--(27). We used (*n*, *l*) = (3, 5), ($\omega$, $\Omega$) = ($0.5$, $0.49$), $\hslash = 1$, and $\lambda_{0} = 0.1$.](nanomaterials-09-00020-g001){#nanomaterials-09-00020-f001}

![The probability density $|\Psi_{n,l}{\left( x,q,t \right)|}^{2}$ in the original system for several different values of $\omega$ with the choice of (*m*, *L*) = ($1.0$, $0.5$) under the limit $\lambda\left( t \right) = \lambda_{0}$. This is associated to the wave functions given in Equation ([19](#FD19-nanomaterials-09-00020){ref-type="disp-formula"}) with Equations ([20](#FD20-nanomaterials-09-00020){ref-type="disp-formula"}), (21), ([24](#FD24-nanomaterials-09-00020){ref-type="disp-formula"}), (25), ([28](#FD28-nanomaterials-09-00020){ref-type="disp-formula"}), and (29). The values of ($\omega$, $\Omega$) are ($0.5$, $0.49$) for (**A**), ($1.0$, $0.49$) for (**B**), and ($2.0$, $0.49$) for (**C**). We used (*n*, *l*) = (3, 5), $\hslash = 1$, and $\lambda_{0} = 0.1$.](nanomaterials-09-00020-g002){#nanomaterials-09-00020-f002}

![This figure is the same as [Figure 2](#nanomaterials-09-00020-f002){ref-type="fig"}C, but for a different choice of angular frequencies. The values of ($\omega$, $\Omega$) are ($0.49$, $2.0$).](nanomaterials-09-00020-g003){#nanomaterials-09-00020-f003}

![The probability density $|\Psi_{n,l}{\left( x,q,t \right)|}^{2}$ in the original system for several different values of $\omega$ with the choice of (*m*, *L*) = ($0.5$, $2.0$) under the limit $\lambda\left( t \right) = \lambda_{0}$. This is associated to the wave functions given in Equation ([19](#FD19-nanomaterials-09-00020){ref-type="disp-formula"}) with Equations (20), (21), (24), (25), (28), and (29). The values of ($\omega$, $\Omega$) are ($0.5$, $0.49$) for (**A**), ($1.0$, $0.49$) for (**B**), and ($2.0$, $0.49$) for (**C**). We used (*n*, *l*) = (3, 5), $\hslash = 1$, and $\lambda_{0} = 0.1$.](nanomaterials-09-00020-g004){#nanomaterials-09-00020-f004}
